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Given a function (x)
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wherep is the static fluid pressure, is fluid density,V is velocity, g is acceleration due to
gravity andh is vertical height. In the first form, @kkrms have dimensions of pressure (force per
unit area), while in the second fornil,tarms have dimensions of length.

C. Differentials

Often you will come across expressions involvirdjfeerentialquantity such as:

dy ?dx (3)
X

in which it appears at first glance that thes have cancelled each other out. A more useful way
to think about the meaning of (3) is:

change iry (or dy) = (rate of change of with respect tx) times (change ir)  (4)
One can extend this notion and write

yx dx yx %(dx (5)

which states that the value pat x+dx is given by its value at (the first term on the right hand
side of (5)) plus (theate of change of with respect to changesxjtimes (change i®, namely
dx). Note that dimensions of all terms in) (&lso work out correctly. Can you figure out
y(x dx/2) andy(x dx/2)? Simply replacedx in (5) by +dx2 or -dx/2 to get the result.
Application of this concept is usually tied doneatly labeled sketch, in which the axsaXis in
this case) is clearly indicated, with therowhead denoting therdction of increasing.

2
The second derivativef y with respect toa is denoted as(;ll—z or y’(x). The prime
X
notation is useful for first, sead, and perhaps third kative, but is oftemot used beyond that.

If it is, for example, the-th derivativeofy, it is denoted by™ (x .)

°y d’y y
What are the dimensions %7? Answer: —=  ——. If y has units of meters, andis in
X

dx X
seconds, the quantit%% denotes acceleration with units of fn/s
D. Chain Rule
If y =g(f(x)), then the derivative

Note that the quantit(é:lfg denotes the rate of changegof
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Note thatg—y denotes the rate at whigtchanges with respect to changes.id quick check of
X

dimensions in (7) reveals that:
h f
y |y 8)

X h f x
Note that the dimensions bfand dimensions dfcancel out on the right harsttle of (8) as they
appear in both the numerator and demator, leaving the dimensions pfn the numerator and
that of x in the denominator. Master the conceptcbfin rule and it will serve you well in

engineering/physics courses.

E. Polynomials

The simplespolynomialis a constant, also consigd as a polynomial afegree0. Thus,

R(X c )
The next, in terms of simplicity, is a linear functionxoft can be written as
R(X¥) ¢ cxX (10)

wherecy andc; are constants, referred toasefficients
A polynomial of degrea is given by

P(X) C, CX CX° ¢X° c, X"t ¢ x" (11)
It can be written compactly ugj the sigma or summation notation

n
P, X) c X"
k 0
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PO %x a™ fa f(a)x a)
e . (13)
f (a)x a’ f()(a)x a"
2! n!

Notice that the dummy indexm(in this case) with summation notation is a compact way of
writing the polynomial. Note that
R f(a).R'@@ f(a)R"@@ f'@a), .,
R"@ "
The difference betwedix) andP(x) is called the remainder and is given by

(1)() 1
O O O —

(14)
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other way around) if both mixed partial derivasvare continuous. This generally the case in
engineering applications. An alteite notation that you should be
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in which
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will have dimensions of 1/time, and thus 1/
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In engineering and physics, wetef come up with the notion offeeld variable.These
are variables such as temperature, strain, pressictewhich are scalar quantities, and velocity,
strain, shear stress, etc., which are either veaotsnsors in generalhink of a vector as a
guantity that has both magnitudad direction, whereastansoris a quantity thahas magnitude
and two directionsOften, the second direction denotes divection of the area associated with
the tensor.Treating field variables as contious functions of position and tinalows for
application of general principles to differentedéments and to thereby
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curlF F (42)

which may be obtained by evatirgy the determinant of th& 3matrix in the case of a RCC:

i ] k

clL_ | RQ ;PR QFP (43)
X y z y z zZ X X Yy
P Q R

What are the dimensions of div and curl ofvector function? Note that determinants are
reviewed in a Section K of this document.

Two integral theorems arise in engering courses. The first is thdivergencetheorem
according to which the volume integral thie divergence of a vector functién
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the solution vector. The goal is to findk. This kind of a problenarises_very frequentlyn
engineering.

Type 2:

Ax  x orwritten alternatelyasA | x 0 47)
whereA is a square matrix of size n, | is an identity matrix of the same sizef§.e.,| has
1 s on the diagonal anzeros elsewhere), is aneigenvalueand the corresponding solution
vector is referred to as aigenvector Note that the right hand sidé (47) is strictly a column
vector with all zero entrie§ he goal is to find the eigenvalues and corresponding eigenvectors.
This type of problem arises less frequently,ibigqually important for all engineering majors.

Determinant of a Matrix:

In either case, it is important to havéharough understanding of properties of a matrix.
Review concepts of matrixddition and matrix multiplication ogour own. Also note that the
transpose of matrix, denoted &y , is obtained by swappirttpe rows and columns & and a
symmetric matrix is such thad A’ . The most important property thiatdiscussed here is that
of a determinant, defined only for square matrices. In the cas@ oRamatrix,

a b
A 48
c d (48)

the determinant is defined by:

detA |A ad bc (49)

This notion can be extended to matrices of sizen. For a general matrix:

&y A, a; &,
a21 a22 a23 a'2n
A 8y 8y Ay &n (50)

an,l an,2 an,3 an,nl a

The determinant is obtained by the method of cofactors.cofeetor of thei-th row andj-th
column, denoted b is a square matrix of sizw 1 n 1 that is derived fromA, by

discarding its-th row and-th column. Using this definition, the determinan®af obtained by:

nn

detA |A 17|, | (51)

iorj
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a; &, Q3
A ay ay, a (52)

3 8 g
by expanding using cofactors across the first (ow1)
detA  1'7a, a8y Apd,; 117, 88 Ads

1%, ayy,  agdy, (53)
ail a'22a33 a32a23 a12 a21a'33 a31a23 a13 a'21a32 a318'22
or by expanding using cofactors down the first column 1 )
detA  1''a,; 4,8, And, 1778, apdy and;

1°%a, a8, aya;, (54)

all a'22a33 a‘32a23 a21 a123’33 a32a13 a31 a12a23 a‘22a13
It is easy to verify that both approashgive the same numerical value for Aetin other words
(53) and (54) are identical. Thufsa certain row or column lsaa number of zero entries, it
makes sense to expand using cofactors fat tbw or column. Can you figure out why

detA” detA? The concept of determinant is alsdphd in finding the inverse of a square
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As in the case of Type 1 praphs, we will only discuss soluhomethods that work for small
values ofn (about 2 or 3), but becomewireldy for larger values ofi. More efficient methods
exist for finding eigenvalues arglgenvectors for larger size triaes that wewill not worry
about. To find the eigenvalues, fitlte characteristic equation by setting

detA | 0 (56)

This will be a polynomial of degre® Refer to the section on polynais to learn more about
them. Using each of the computed eigenvalugs one can solve for the corresponding

eigenvectors
Ax® I(X(k) (57)

By setting an arbitrary, non-zerolva for one of the components af*', the others can be
found through the remaining set of consistegehtaic equations. Althgh the eigenvalues are
unique, the eigenvectorseanot for instance an eigenvectocorresponding to an eigenvalue can
be scaled by multiplying it by a real constaahd it will still be an eigenvector. Usually,
eigenvectors are reported in their normalized forrmoAmnalized vectors obtained by dividing
each of its components by tlengthor norm of the vector. The norm of a vectgis defined as

| x?. Thus, the norm of a normalized vecisr unity. Most computer programs report
i

eigenvectors in normalized form. Note that in the case of a diagonal matrix (meaning
a; 0, ]) oratriangular matrix, the eigenvalues are simply the entries on the diagonal.

Eigenvalues usually have a physical intergieta In spring-mass systems subject to free
(not forced) oscillations, the square root arf eigenvalue refers tthe physical (angular)
frequency of an oscillatory mod&he eigenvector may be interpreites relative psitions of the
masses during oscillation in that particular mddesolid mechanics, the stress tensor in three
dimensions may be cast in the form of3a3 matrix that is symmetric. By choosing an
appropriate coordinate system, the matrix bantransformed into a diagonal matrix whose
entries refer to the principal components of stré&sgy are the eigenvalues of the stress tensor
matrix. The eigenvectors are related to theation cosines of the oesponding coordinate
system.

L. Complex Numbers and Variables

The first time most students encounter compbeimbers is in finding roots of a quadratic
equation. Consider ¢halgebraic equation:

ax bx c O (58)
Theroots,or solutionsx that satisfy (58) are:

y b 4b*> 4ac -

7 (59)

When thediscriminant b®> 4ac is less than zero, the raotare complex. For example

Vv 49 149 7i, wherei is defined byy 1
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A complex humbez is denoted by

z x iy (60)
in which x andy are real numbers, whereis denoted as theeal part x Re(z), andy its
imaginary part y Im(z). Theconjugateof z (z as defined in (60)), denoted [y, is defined as
Z x iy (61)
Note that when one root of a quadratic equratis complex, the other root is its complex
conjugate, and thus roots of a quadratic (orthat matter a higher degree polynomial) always
appear as complex conjugate pairs. Tini@gnitudeand argumentof the complex numbez,
denoted byZ andarg(z)
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in which trigonometric identitiesre used in (68) and (69)ndxthe trick to perform division,
using the complex conjugate of the denominator to multiply both numerator and denominator, is
used to get (69).

The basic algebra associated withmpéex numbers will serve you well for most
purposes in undergraduate classes. Advanceckptsrequire the idea obmplex variables and
complex functions. Only the essential ideas are introduced here. A complex fumctiéfz is )
given by

w uiv fz uxy iv(xy) (70)
in whichu x,y andv x,y are real and imaginary parts of the function, and are themselves,
functions of two variablex andy. Note the subtle aspect ¢70), in which the independent
variablezin w f(z) is linked to the real and imaginary parts xiandy. Also note that (70)
represents a mapping from thg or z plane to thai-v or w plane. This does not lend itself to a
figure, quite as easily as funmtis of two independent variablas calculus of real functions.
Perhaps the most important concept is that oamaytic functionwhich we will not define
formally. In very simple tems, it is a function thais well behaed without anysingularities
Thusw zw z* 3z are analytic functions, whilew 1/z is analytic everywhere except at
z 0 where it is singular, andl/(z 3)(z 2i) has singularites atz 3,z 2. The
exponential function is very iportant and is defined as:

w expz €Y exp(x)cosy isiny (71)

and is analytic everywhere in the complex pldne defined in such a manner so that it reduces
to the familiar exp{) when the imaginary part & viz., y is identically zen. Without getting
into details, it has the property that

iexp(z) exp() (72)
dz

which is desirable when the imaginary parzag zero and the seilt holds for exp(). Similarly
cos @) and sin ¥) are defined so that they become thaifar cosine and sine functions of real

variables that we are familiar with when the imaginary parti@identically zero.
expiz exp iz . expiz exp iz
p > p  sinz p . P
|

COosz

(73)
Defined in this manner, all gonometric identities that you araridiar with, work fine for their
complex counterparts (exampleos’ z sinz |, dic.).
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